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Abstract 

We present the M = 2 supersymmetric completion of a scalar curvature 
squared term in a completely gauge independent form. We also elaborate on 
its component structure. 


1 Introduction 


Recently, there has been renewed interest in gravity [DEIE] and M = 1 sn- 
pergravity |1]. In particnlar, it has been conhrmed that the pure gravity theory is 
ghost free [3]. This provides a rationale to look more closely at the structure of cur¬ 
vature squared terms in four-dimensional (4D) M = 2 supergravity. On dimensional 
grounds, all such terms should be given by chiral integrals. 

The M = 2 locally supersymmetric invariant Ic 2 containing the Weyl tensor 

'~'abcd 

squared (which coincides with the action for M = 2 conformal supergravity) was con¬ 
structed by Bergshoeff, de Roo and de Wit almost thirty hve years ago [5] . However, 
the Af = 2 supersymmetric extension 1^2 _ir ,2 of the term R^^^Rat — \R? was obtained 
only two years ago 13 . A special combination of the super-Weyl invariants Ic 2 and 
Iffl _iR 2 constitutes the Af = 2 Gauss-Bonnet term [6j. In this note we describe 
a third curvature squared invariant - a locally supersymmetric extension of the R^ 
term that is of special interest in the context of the ideas advocated in [H [2l [Sj 0] . 
Although the invariant has been discussed in [71 [8], there has not appeared a complete 
description of the invariant due to some missing elements. In particular, the invariant 
was given in [7] in a special gauge and the explicit component action has never been 
worked out. In this note we provide a more complete exposition of the invariant and 
construct it in a gauge independent form. 

This note is organised as follows. In section [2] we present the superspace de¬ 
scription of curvature squared invariants within Af = 2 superspace. In section [3] we 
elaborate on the component structure of a A/" = 2 supersymmetric invariant contain¬ 
ing a curvature squared term. Section 0] is devoted to a discussion of our results. 

We have included a couple of technical appendices. Appendix provides the 
essential details of the formulation for Af = 2 conformal supergravity [S] in SU(2) 
superspace [lO], while Appendix iBl summarises the important details of conformal 
superspace [m. 

2 The curvature squared invariants in superspace 

In this section we use the formulation for Af = 2 conformal supergravity [9] in 
SU(2) superspace [10]. Some technical details concerning this supergravity formula¬ 
tion are collected in Appendix |Al We proceed by recalling the explicit structure of 
the invariants 1^2 and /r 2 i r 2 . 

'-'abed ^ab~3^ 
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The invariant containing the Weyl tensor squared is 

I 2 = f + c.c. , (2.1) 

where Wag is the super-Weyl tensor, see Appendix and £ is the chiral density, see, 
e.g., [I2] for the dehnition of £. 

The invariant containing R^’^Rab — \R^ is 

= j d'^xd^eSE + c.c. , (2.2) 

where S denotes the following composite scalar [B]: 

S := := VaidDj^ • (2.3) 

The torsion superhelds Sij, Wag and Yag and their conjugates W^^ and are 
dehned in Appendix The fundamental properties of S are as follows [6]: 

(i) it is covariantly chiral. 



0 ; 


(2.4) 


(ii) its super-Weyl transformation is 

5a'E = 2aE - 2Ad- . (2.5) 

Here A denotes the chiral projection operator [El [13] 

A = ^ ((^‘' +16^^') Ai - - 16?“^)©.^) 

= ^ + 165'^) - - 16y“^)) , (2.6) 

with ;= TPe main properties of A can be formulated using a super- 

Weyl inert scalar U as follows: 


VfAU = 0 , 

5aU = d ^ AAf/ = 2aAU , 

/dAd^^d^Ef/= fd'^xd^eSAU 


Here E denotes the full superspace density. 


(2.7a) 

(2.7b) 

(2.7c) 


The super-Weyl invariance of fl2.2p follows from the relations fl2.5p and fl2.7cp in 
conjunction with the identity 


Vfa = 0 


j d^xd^9d^9Ea = 0 , 


( 2 . 8 ) 
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for any covariantly chiral scalar a. 
As shown in [6], the fnnctional 


d^xd^es I 




(2.9) 


is a topological invariant being related to the difference of the Ganss-Bonnet and 
Pontryagin invariants. 

The specihc featnre of the invariants fl2.ip and fl2.2l) is that they do not involve 
any conformal compensator^ However, snch a compensator is reqnired in order to 
constrnct a snpersymmetric extension of the term, and it shonld be the improved 
tensor mnltiplet 


The tensor (or linear) mnltiplet can be described in cnrved snperspace by its gange 
invariant held strength which is dehned to be a real SU(2) triplet snbject to the 
covariant constraints [Ml [IT] 


jyiigjk) ^ ^ Q _ 


( 2 . 10 ) 


These constraints are solved in terms of a chiral prepotential T [THl UHl EDI El] via 

gij ^ 1 j ^ 1 ^ 4^0 j ^ ^ = 0 , (2.11) 

which is invariant nnder shifts T —)■ T + iA, with A a reduced chiral snper£eldj§ 


Vfk = 0 , (+ 4^^') A = (] A . 


( 2 . 12 ) 


The snper-Weyl transformation laws of 4/ and are 

= ad/ = (a + . (2.13) 

The improved tensor mnltiplet is characterised by the condition g^ := ^g'^^gij ^ 0. 

Using the improved tensor mnltiplet one can constrnct the following rednced chiral 
snperheld W: 

w = + i2S,,)g^^ + ^v^.g’^i'Dfg^^g^j 


2Ag 

S- .S‘‘ 


3653 


(2.14) 


^ Super-Weyl anomalies in AA = 2 superconformal theories coupled to supergravity [H] are given 
by linear combinations of the integrands in (12.11) and (12.2p . 

^The field strength W of an Abelian vector mnltiplet is a reduced chiral superfield. 
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The regular procedure to derive W is described in [22]. This multiplet (up to nor¬ 
malisations) was discovered originally in [15] using superconformal tensor calculus. It 
was later reconstructed in curved superspace izu with the aid of the results in na 
and [23] . 

The supersymmetric completion of the E? term will prove to be described by the 
invariant 

= j + C.C. (2.15) 

In the next section we will explicitly show that the above invariant does indeed contain 
a term at the component level. 

The scalar curvature squared invariant fl2.15|) is analogous to the one constructed 
in hve dimensions in [2T]. There a supersymmetric completion of a term was 
obtained by considering the Chern-Simons coupling between a vector multiplet and 
two identical composite vector multiplets constructed out of the tensor multiplet. A 
similar procedure was performed in superspace in [25]. In contrast to hve dimensions 
the component action corresponding to fl2.15l) contains a R^ term without the need 
to impose any gauge condition. 


3 Supersymmetric invariants in components 

The curvature squared invariants fl2.ll) and fl2.2p are independent of any com¬ 
pensator and were reduced to components in [6]. In order to perform component 
reduction of the R^ invariant (12.151) it is advantageous to lift the superspace actions 
to conformal superspace. 

Besides the R^ invariant fl2.15l) is it also worth elaborating on the component 
structure of the tensor multiplet action [15], which in the formulation of [9] is given 
by 

^tensor = - j d^X d^O £ TW C.C. , (3.1) 

where W is given in eq. fl2.14l) . The above action can be shown to contain an 
Einstein-Hilbert term upon imposing a certain gauge. 

In this section we hrst lift the descriptions of the tensor multiplet action and the 
R^ invariant to conformal superspace and then reduce them to components. The 
salient details of conformal superspace are summarised in Appendix [Bl 
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3.1 Invariants in conformal superspace 


The tensor multiplet is described in conformal snperspace by a real primary sn- 
perfield of dimension 2 , 

= 0 , (3.2) 


satisfying the constraint 

= 0 . (3.3) 

The tensor mnltiplet can be described by a two-form gange potential. Its snperform 
formnlation in conformal snperspace can be fonnd in [26]. The tensor mnltiplet can 
be solved in terms of an nnconstrained chiral prepotential T, 

gij = ( 34 ) 

4 4 

where we have dehned := 


We can lift the snperspace expressions for the tensor mnltiplet and the scalar 
curvatnre sqnared actions to conformal snperspace. In conformal snperspace, the 
tensor mnltiplet action is dehned by fl3.ip bnt with the composite W now constrncted 
with the covariant derivative of conformal snperspace: 


W 


24 ^ 




36^3 





(3.5) 


One can check that W is indeed a vector mnltiplet since it is a primary snperheld of 
dimension 1 satisfying the rednced chiral constraints 


Vt W = 0 , . 


(3.6) 


The above expression for W deganges to the one given by eq. fl2.14p npon nsing the 
deganging procednre given in [TT] . 

It is important to note that the action fl3.ip only involves G^^ withont a compensat¬ 
ing vector mnltiplet. This is in contrast to, for example, the J\f = 2 snpersymmetric 
BF actioiifl which is described by 

= j d^a:d^0TT>V + c.c. , (3.7) 

^In general, a BF theory on a d-dimensional orientable manifold is a Schwarz-type topological 
gauge theory with action = J Bn A dAd-n-i = f Bn A Fd-n, where and Ad-n-i are 

differential forms and Fd-n is the gauge invariant field strength associated with Ad-n-i- For a 
review of BF theories, see m- The action (IT71) is a supersymmetric generalisation of *S'( 4 , 2 )- 
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where W is the chiral held strength of a vector multiplet. 

In conformal snperspace, the scalar curvature squared action is described by eq. 
(I2.15P but with the composite W replaced by the one given in eq. (13.bh . It is important 
to emphasise that the invariant (12.15^ has the same type as the vector multiplet action, 

‘S'vector = J d^xd^6*£^ + c.c. (3.8) 

with the vector superheld strength replaced by the composite W. The component 
vector multiplet and tensor multiplet actions were given in |26] in our notation and 
conventionsjj In the next subsection we apply the results of [26] to elaborate on the 
component structure of the invariants S'tensor and Iji 2 . 


3.2 The tensor multiplet action and scalar curvature squared 
invariant in components 


Here we identify the component helds of the Weyl multiplet of conformal super¬ 
gravity in accordance with [m. The vierbein em“, the gravitino V'mf) the U(l) and 
SU(2) gauge helds and and the dilatation gauge held bm are dehned as 

follows: 


e “ •= E 

^TT7, • -^r) 


A •= $ I 


:= , bm-=Bm\- 


(3.9) 


The component (or bar) projection of a superheld V{z) is dehned in the usual way 
V\ := V There are several composite gauge connections. The spin connec¬ 
tion oJrrA^, the special conformal and S'-supersymmetry connections 

:= := := , (3.10) 


are all composed of the previously dehned component helds. Their expressions can 
be found in [II1[26|. 

The Weyl multiplet also contains some non-gauge helds. These are encoded in the 
components of WajS as follows: 

W.t = w+ + w^, W* - (3.11a) 

E“ := ivjjH'”'’! . D := . (3.11b) 

“^However, here we denote the Lorentz curvature constructed from the spin connection by RaA'^ 
instead of 
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The component field satisfies the self-duality relation = ±hh^. As in 

[26] , to avoid cluttered notation, we will often use Wai 3 also for the corresponding 
component field. It should be clear from context to which we are referring. In what 
follows, we will also make use of the following bosonic covariant derivative: 

'^'a ~ ^a^{dm + Jij + • (3-12) 

The matter components of the tensor multiplet are defined as follows: 

G‘V=6‘.'|, Xci-lK5.i\, (3.13) 

There is also an additional component field, the two-form hmn- Its supercovariant 
field strength is given by 

= .(3-14) 

where 

habc = ■ (3.15) 


The tensor multiplet action was reduced from conformal superspace to components 
in [26j. The action up to fermion contributions is 




tensor 


= / dx e 




V2G' 


FV -G[-R + D] - —(Yha - GijVy^G^^ 


2G 


+ fermion terms , (3.16) 


where 


and 


fmn — 2cl[mrn] + -^^dmG''^OnGG ij , G — Q\ 


hm := + fermion terms . 


(3.17) 


(3.18) 


We see that in the gauge where G = 1, ^tensor contains the Einstein-Hilbert term with 
a wrong sign. 

The component form for the invariant Ipi 2 may be obtained by replacing the com¬ 
ponent fields of the vector multiplet in the vector multiplet action in [26] with the 
component fields of the composite W. The invariant up to fermionic contributions is 


Ir2 = jYxe(^- VYG-^F)VSG-^F) + ^\F\^D 


6G2 


R\F? 
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+ - 2r’^U - + ^{cT^’’)af^FW‘^^U 

^ + fermion terms , (3.19) 

where 

X^^ = ^(- 2VlV'“G'*^' + 2DG^^ + -RgA + ^ (v”^G^^V^&^Gki 

G \ 3 / G^ V 

+h^haG^^ + G^^FF - 2h“V'„G^(*G'^')fe) + fermion terms (3.20) 

and 

fab = ea^eb^fmn • (3.21) 

One can see that a R^ term arises in the X^^Xij contribution to the invariant fl3.19p . 
It should be emphasised that the invariant fl3.19p is independent of any gauge choice. 


4 Discussion 

In this paper we have completed the description of all off-shell curvature squared 
invariants in A/" = 2 supergravity. Such invariants are described by the linear combi¬ 
nation 

where A, B and G are real parameters, and the invariants and Ir 2 

are given by the equations (12.ip . (12.2p and (I2.15p . respectively. The bosonic sector of 
Ir? = f d^xeLR2 requires some discussion. 

First of all, let us consider the part of Lr 2 containing the auxiliary scalar D\ 

Lr2 = ( - 4V'“GV1G + VlG,, - 2h“h, 

+2V'“VlG*^Gij- - ^RG^ - 4|F|2) + + ■ ■ ■ , (4.2) 

where the ellipsis represents terms not directly involving D. We see that the equation 
of motion for D is consistent and allows one to integrate D out. To understand the 
importance of this result, it is worth recalling why two compensators are required in 
ordinary M = 2 supergravity [15]. The H-terms in the vector and tensor multiplet 
Lagrangians are 

-^vector — 4|0|^Z) -!-■•• , Tteusor — —DG -!-••• , (4-3) 

where (j) = W\. It is seen that the equation of motion for D is contradictory if one 
chooses Lsg = —L^ectov or Lsg = —Ttensor- However, the supergravity Lagrangian 















Lsg = —-Z^vector “ -Z^tensor leads to a Sensible equation of motion for D, which is G = 
4|0p. Now, looking at the Lagrangian fl4.2p . we see that we can circumvent the need 
of having two compensators. We can have the invariant Ir 2 on its own or we can have 
a linear combination of Ib? and S'tensor, and still have consistent dynamics. 

The second important feature of Igi concerns the component held and its 
conjugate, which are auxiliary in ordinary M = 2 supergravity. The equation of 
motion for which is derived from //j 2 , allows one to integrate Wap out (if we 

assume F 7 ^ 0 ) giving 

Ir 2 = j d^xe{^-V\G-^F)VSG-^F) + ^\F\^D 

—^R\F\^ + + 2/“Va6 + fermion terms) . (4.4) 

Comparing with eq. fl3.19p . one notices that there is a sign hip in the term. 

In the above action the auxiliary held has not yet been eliminated. In ordinary 
supergravity F was auxiliary, however, now it becomes dynamical. It should also be 
noted that upon eliminating the auxiliary held D in the combined invariant of the 
form S'tensor+ -f, we generate not only an term but also an R and a potential |F/G|^ 
term. This will be discussed below. 

Let us further elaborate on the elimination of the auxiliary held D. To begin with 
we consider the invariant 


ttSvector + /dStensor + , (4-5) 

where a, /3 and 7 are arbitrary constants. The bosonic component action can be 
constructed by using fl3.16p and fl3.19p . and the vector multiplet action in [26]. One 
can check that upon eliminating the auxiliary held D, the R^ term cancels|§ It is worth 
mentioning that in hve dimensions there also exists a R^ invariant in the standard 
Weyl multiplet |2Tl [25], which involves an auxiliary scalar held|§ Upon eliminating 
the auxiliary held, the R^ term can be similarly shown to vanish. 


The component action of (14. 5 p will contain the potential contribution 



-t(|G-2Wlf . 

(4.6) 

as well as the term 

■ 

(4.7) 


®We are grateful to Sergey Ketov for pointing out this observation. 

® A pR^ invariant in the standard Weyl multiplet was given in [53] since a different gauge condition 
was used. 
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Upon imposing an appropriate gauge, the first term contains a cosmological term, 
while the second gives rise to an Einstein-Hilbert term in the gauge 0 = const. 

Although the invariant J ^2 does not give rise to a pure B? term alone upon in¬ 
tegrating out the auxiliary held D, it can still lead to a non-trivial B? contribution 
if one adds to it another invariant. For instance, one can make use of the invariant 
fl2.2p and consider the linear combination 

-A^tensor + ^Ir? + C.1^2 1^2 ■ (4-8) 

ah 3 

The invariant /^ 2 ^_i ^2 contains a term and no BD term at the component level, 
see [Bj. This allows one to keep a B? contribution from 1^2 upon eliminating the 
auxiliary held D. The invariant will also obtain an Einstein-Hilbert term and a 
cosmological constant in a gauge where G = 1. 

It should be mentioned that one can hx the special conformal transformations, 
dilatations and break the SU(2) R-symmetry down to U(l) by imposing the following 
gauge conditions on the improved tensor multiplet 

= 0 , = 5 ^^g , g = i. ( 4 . 9 ) 

These conditions correspond to the following choice for the component helds: 

6 ^ = 0, G = l, x^ = xt=o, G,, = 6,,G. (4.10) 

The hrst gauge choice hxes the special conformal summetry, the second hxes dilata¬ 
tions, the third hxes the S-supersymmetry transformations and the last breaks the 
SU(2) R-symmetry to U(l). Upon imposing the above gauge choice, the B^ invari¬ 
ant fl2.15p coincides with the B^ invariant in [7], which was only specihed in the 
above gauge in superspace. Our invariant, however, is described in both conformal 
superspace and the conventional superspace formulation of [9] without specifying any 
gauge condition on the compensator. As demonstrated, it is also readily reduced to 
components using the results of |26j . 

It may be shown that no B^ invariant can be constructed with a compensating 
vector multiplet only. However, one can generalise the invariant //j 2 by coupling it to 
some vector multiplets. One can consider the following simple generalisation of Ir 2 : 

j d^xd^9£B + c.c. , (4.11) 

where is a homogeneous function of degree two in = (W, W^) with denoting 
a number of vector multiplets. Such invariants were considered only in the gauge fl4.9l) 
in [7]. Using the results of [26] one can reduce the action to components. 
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So far we have considered constructing a invariant using a single compensator. 
Is it possible to use both a compensating tensor and vector multiplet together to 
generate a term? In principle, other invariants may be constructed with the use of 
the results in |22]. For instance, one can consider a projective-superspace Lagrangian 
of the form 

, G++{v) = , (4.12) 

where = V*-^W and n* G \ { 0 } denotes homogeneous coordinates for CP^. 
Using the results of [22], the corresponding invariant may be cast in the form of a 
BF action, J \hW 2 -|- c.c., where 

W, = . (4.13) 

It can be shown that the invariant contains a term at the component level. In 

pure supergravity, \(f)\^ = G on the mass shell, and then the above invariant gives a 
R^ term. However, this condition does not hold in general. We conclude that our R^ 
invariant (I2.15p has no obvious alternative. 
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A SU(2) superspace 

This appendix contains a brief summary of the formulation for M = 2 conformal 
supergravity [9] in SU(2) superspace |T0]. Our notation and conventions follow those 
of [28]. 

To describe SU(2) superspace one begins with a curved Af = 2 superspace 
parametrised by local coordinates = (x™, 9^, = (6*^*)*), where m = 0,1, • • • ,3, 

p = 1, 2, /i = 1, 2 and t = 1,2- The structure group is chosen to be SL(2, C) x SU(2), 
and the covariant derivatives Va = (T>a,'Ra,'Rf) have the form 

Va = Ea + 

= Ea + ^A^'Jki + + nA^m^. . (A.i) 
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Here Ea = EA^{z)dM is the supervielbein, with Dm = d/dz^^, Jki = Jik are genera¬ 
tors of the group SU(2) and Mat are the Lorentz generators. The one-forms and 
are the Lorentz and SU(2) connections. 

The generators act on the covariant derivatives as follows: 

AU, p;i = , [Jh, VI] = -ii,v„n . (a.2) 


The algebra of covariant derivatives is [9] 

{VI 

+2e^pY^S’^^Jki + , (A.3a) 

{Pj,, V^} = -2i8){a^)Jv, + + A5]G^^M^^ + mJVj . (A.3b) 

The explicit expressions for the commutator {Va, can be found in [9]. Here the real 
four-vector Gqq,, the complex symmetric tensors = S^\ Wap = IT’^a, Yap = Ypa 

and their complex conjugates Sij := S'*-?, := HA/j, Y^^ := Yap are constrained by 

certain Bianchi identities [iniis]. The latter comprise the dimension-3/2 identities 


= 0 , (A.4a) 

VtWp, = 0 , (A.4b) 

T^IcXm) = 0 > (A.4c) 

= (A.4d) 

. (A-4e) 

as well as the dimension-2 relation 

{V\J^P), - AYap) = {vfm - 4F“^) IT.^ . (A.5) 


The algebra of covariant derivatives (IA.3P is invariant under the super-Weyl trans¬ 
formations [9] 


5aV\ = + {V^^a)M,a - {VakCT)J’^^ , (A.6a) 

5.Va = ^(a + a)Va + 

A(V\a + a))Mab , (A.6b) 

with the parameter a being an arbitrary covariantly chiral superheld, 


E>aicr = 0 , 


(A.7) 
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provided the dimension 1 components of the torsion transform as follows: 


, (A.8a) 

- \vlVf,)kCT , (A.8b) 

SaWafi = aWafi , (A.8c) 


As is seen from flA.8cp . the super-Weyl tensor Wa/s transforms homogeneously. 


B Conformal superspace 

In this appendix we present the salient details of the superspace formulation of 
M = 2 conformal supergravity [TT], known as conformal superspace. The SU( 2 ) 
superspace of the previous section may be viewed as a gauged hxed version of confor¬ 
mal superspace m, which gauges the entire super conformal group SU(2,2|2). Our 
conventions and presentation follows that of [26] . 

The covariant derivatives of conformal superspace = (Va, V^, V") have the 
form 

Va = Ea + + i^AF + + ^a^Kb . (B.l) 

Here Y is the generator of the U(l) subgroup of the M = 2 R-symmetry group 
SU(2) X U(l), and = (A'“,S'“,5^) are the special super conformal generators, 
while the one-forms Ba and ^a^ are the corresponding connections. 

The Lorentz, SU(2), U(l) and dilatation generators act on the spinor covariant 
derivatives as 

|M.,, Vj,] = , [Ji„ V‘] = -Spci) , (B.2a) 

[r,vy=v:,, |B,Vy = ivy (B.2b) 

The S'-supersymmetry generators S° transform under Lorentz, SU(2), U(1 )r and 
dilatations as 

[M^, S7] = -(ff.t)XS'f , 14,41 = -£s(jS;; , (B.3a) 

[y,Sf] = -S”, [D.Srl^-is”. (B.3b) 

Among themselves, the generators obey the algebra 

{^r,^i} = 2i5^(crT«i^., (B.4) 
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while the special conformal generators act on Vb as 


{Sf, Vp = - sisp' + ASp,> , [S“, VJ = i(<Ti)"Wf , (B.5a) 

[A'“, Vj] = -i(<T“)a«S| , [K\ Vj] = 2^j“D + 2M\ . (B.5b) 

The algebra of covariant derivatives is 

{Vi, Vp = 2EAep\riAP‘ + . (B.6a) 

{VL,vh = -2M'V/, (B,6b) 

[V„o, Vj] = -i£oa%W' - + i£„aVf 

- i£„W£H£aM« - j£„£V-.Vf%S2£ ^ '-e^p/Pw.pi^ 

+ Pi, . (BJc) 

The super-Weyl tensor ITq,^ = W^a and its complex conjugate := Wap are 

superconformally primary, KAWap = 0, and obey the additional constraints 

= 0 , VlVpuW^f^ = ViV^^W^p . (B.7) 

In contrast to SU(2) superspace the entire algebra of covariant derivatives is con¬ 
structed in terms of the super-Weyl tensor Wap- 
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